I. INTROI3UCTION
The recent interest in the magnetoresistive properties of magnetic multilayered structures and granular films has led to the question of the proper treatment of electron transport in these inhomogeneous media. The main problem is that the sizes of the inhomogeneities (thickness of layers, granular size) are comparable to the average mean free path of the conduction electrons; therefore, transport properties vary from one region to another, and one must find a way of determining the measured transport properties (resistivity or magnetoresistivity) from the local ones. In general, there is no simple equivalent resistor network that is applicable to this situation.
Over the past decade progress has been made in this problem. It was first resolved for multilayers made of dissimilar metals, e.g. , Pd/Au, and then extended to m.agnetic multilayers, e.g. , Fe-Cr. On the assumption of homogeneous layers (single grain, single domain), and for current in the plane (CIP) of the layers, the electric field is constant throughout a multilayered structure, so that the problem of finding the measured resistivity and magnetoresistance (MR) is simplified to the point where we have been able to determine the resistivity for arbitrary alignments of the moments of the magnetic layers.
For current perpendicular to the plane (CPP) of the layers in multilayered structures and for granular films the electric field seen by the conduction electrons is not, immediately known i.e. , it is not constant and. we must determine it in order to find the measured resistivity. In general this is quite difIicult and this problem has been solved with some simplifying assumptions; principal among them are that we considered only collinear magnetization configurations of the layers or granules, that no spin-fIip processes are present, and that the magnetic layers are single domains. Even with these restrictions we have found it necessary to extend the conventional treatments of electron transport in solids by admitting efFective spiv. -dependent electric fields. Valet and I'ert have relaxed the second restriction and considered the efI'ects of spin-Hip processes on conduction and magnetoresistance.
Recently, we considered the efFects of grains and magnetic domains within the layers, and concluded that they promote spin difFusion even in the absence of spin-Hip processes.
In this paper we relax the remaining approximation and consider electron transport in magnetic inhomogeneous media for arbitrary arrangements of magnetic moments. As we show, it is necessary to introduce currents, fields, and conductivity tensors that are off diagonal in the spin space of the conduction electrons. In the next section we derive the constitutive relation between field and current in the linear-response regime. Solutions for the Green's function, self-energy, and bubble conductivity (the simplest one) are outlined in Sec. III. For arbitrary structures the general solutions of the constitutive relations are not known, and we demonstrate the validity of our formalism by considering special cases. In Sec.
IV we consider layered structures for CIP and CPP; for
II. HAMILTONIAN AND LINEAR RESPONSE
For nonmagnetic (normal) metals the current at a point r is related to the static electric field at a point r' through the two-point conductivity j(r) = d'r' cr(r, r') E(r') (2.1) where E(r') is the internal electric field in the solid and cr(r, r') is the microscopic conductivity given by Kubo's linear-response formalism, which in the zero-frequency limit is ' (2.2) where II(r, r', w) is the frequency-dependent currentcurrent correlation function, II(r, r';~) = d~e' j r, t+7, j r', t, 2.3 and j(r, t) is the quantum-mechanical current operator.
This function is independent of t due to time-translation invariance. The angular brackets denote the expectation value of the commutator taken over all states of the system (we limit ourselves to zero temperature). Therefore, to calculate the conductivity it is necessary to write down the Hamiltonian that describes the conduction electrons.
By making some separation between conduction and localized (core) electrons the one-electron model Hamiltonian for inhomogeneous magnetic structures is = HO + Vscatt and V"~« = ) (v~+ j M cr) b(r -r ), (2.6) where cr stands for the Pauli spin vector operator and self-averaging and discuss the global conductivity (resistivity) and magnetoresistance for those inhomogeneous systems whose transport properties are magnetically self- averaging. In the concluding Sec. VII we summarize and discuss the trends for the magnetoresistance for arbitrary structures and magnetic configurations.
In the Appendixes we discuss the transformation properties of the spinor matrices that we have introduced in the constitutive relations, we introduce an alternative definition for the internal fields, we derive the equation of continuity for the generalized (off-diagonal) currents, we define path-ordering operators introduced to handle the noncommutativity of the spin matrices appearing in the difFerential equation for the Green's function and in the expression for the conductivity, and we invert the spinor conductivity in a limiting scenario.
M represents the orientation of the magnetization of the corresponding region. We have taken the range of this scattering potential to be zero; this simplifies our treatment of the local scattering without altering the effect we are modeling. The roughness of the interfaces is modeled as a scattering potential in Eq. (2.6); as the scattering is confined to a narrow region, we have represented it as random in the plane of the interface and a 8 function in the third dimension (direction of layer growth). This is the same potential that results from the unitary transformation used by Tesanovic et al. to map the rough boundary problem into one with flat surfaces; however, in multilayers it is more correct to think of this scattering plane representing the interfacial region, e.g. , the mixed layer of Johnson and Camley, than resulting from the unitary transformation.
While we have included the Coulomb interaction of the conduction electrons with the background V& q~a nd used it to calculate the wave functions and one-electron propagators, here we do not explicitly consider it between the conduction electrons themselves; this enters the vertex corrections to the conductivity (polarization diagrams). Also we are primarily interested in transport at T = 0 K, so that processes that occur at finite temperature are omitted. Here V~q Therefore, for all but the purest systems in which the transport is "ballistic, " and specifically for metallic layered and granular structures in which giant MR has been observed, transport properties are described by functions, such as the self-energy and one-particle propagators, which have been averaged over all possible configurations of impurities. This "impurity average" eliminates the dependence of transport properties on the specifics of the impurity configuration.
Electrical The requirement that j p be a second-rank spinor implies that it can be diagonalized for a particular set of axes with physical currepts j& and j&, and that for any other set of axes both its diagonal and off-diagonal elements be uniquely given in terms of j& and j& and of the corresponding elements of the rotation matrix connecting the two coordinate systems (see Appendix A); therefore, their uniqueness follows.
Once these unique currents have been introduced we can investigate the problem of the internal fields. By introducing the spinor notation above, we Bnd that the spinor current at point 1 is related to the external electric field at point 3 by23 4 e' f n' 5 h q2m) d2 d3 d4(Gp (12) V'i F g (234) Gg (41) ) . E,"(3), (2.10) where the Feynman diagram associated with this expression is given in Fig. 1(a) Fig. 1 Fig. 1(a) without the vertex corrections, Fig. 1(b In cases where there is some symmetry (layered structures), we will show that one can solve for the fields and currents. For more complicated geometries (granular films), we resort to an ansatz based on some degree of randomness to find the measured resistivity and MR.
III. EVALUATION OF "BUBBLE CONDUCTIVITY"
In Sec. II we derived the two-point spinor conductivity, Eq. (2.16); it is given in terms of one-particle propagators G p(r, r'). As defined by Eq. (2.16), they are impurity-averaged Green's functions; parenthetically, if one used the Green's function for one specific impurity configuration, there would be no vertex corrections entering Eq. (2.11) from impurity averaging; this would simplify the expression (2.13) for the internal field, albeit at the expense of a more complicated Green's function G p.
To calculate the conductivity, Eq. (2.16), it is necessary to obtain the impurity-averaged one-electron propagators or Green's functions (G(s'))& (these brackets de- note impurity average with respect to an ensemble 2 of impurities). This function can be expressed in terms of the self-energy K(e) through Dyson's equation (3 1) where V is the voltage applied to the outer boundaries of the structure and the line integral is evaluated along the current path C from one boundary to the other. In efFect, the condition E (r') dr' = U There are two different quantum approaches to calculating the one-electron propagators and conductivity for our model Hamiltonian, Eq. (2.4). One is based on the local self-energy, which is applicable to the dilute and weak-scattering limit of impurities; a real-space representation is used to find, without further approximation or limits, the propagators and the taboo-point conductivity.
In this approach one has concluded that the quasiclassical and the real-space quantum treatments (based on a local self-energy) produce the same magnetotransport properties, provided the effect of quantum interference and quantum size effects can be neglected. ' ' The second approach uses a nonlocal self-energy built up from the one-site t matrix; here, one attempts to take into account distant but strong scattering from interfaces. By using this approach, approximate solutions have been found for the one-point conductivity, Eq. (4.7), for multilayered structures by using the Kubo formalism in momentum space.
'
In some limiting cases both approaches give identical results; otherwise, they provide different free parameters whenever the local scattering rates vary significantly from region to region and the mean free paths are of the order of the inhomogeneity length scales. However, at the present time there is not enough experimental evidence in favor of either one or the other approach. It should be pointed out that the reciprocal-space approach has two limitations: (i) It is based on a decoupling procedure (introduced in Ref. 3) that constitutes an uncontrolled approximation whose validity has not been firmly established; (ii) in its present form it does not yield a two-point conductivity, a restriction that does not allow it to be generalized from multilayers to magnetic inhomogeneous media.
Here we present a real-space quantum approach to transport in inhomogeneous three-dimensional structures.
This approach has been proposed in Refs. 5, 34, and 37 for quasi-one-dimensional layered structures. Our treatment is an extension of the formulation of Refs. 5 and 34 for multilayered structures. In this treatment we take H0 in Eq. (2.4) to be that of free electrons and we neglect the differences in the potentials between regions;
i.e. , we set V~z --const (zero).
To describe transport properties, one focuses on the imaginary part of the self-energy; the real part will be subsumed in H0 [see Eq. (3.1)]. For weak scattering and the dilute limit of the impurity concentration in the Hamiltonian (2.4) the imaginary part of the local self-energy is simply determined by the local scattering rates
+2 v(r) j(r) M(r) . cr], [9', + k (r)] g(r, r') = 8(r -r'), (3.5) with a complex wave number k(r) = kF +i 2mB(r)/5 (3.6) where we have suppressed the unit 2 x 2 matrix to make the equation more transparent.
One V,A p(r, r') = 'P p(r, r') 
is proportional to the one-point conductivity
( 4.7) where o~~~~d enotes the in-plane component of the conwhen Lz is the length of the sample in the in-plane direction, i.e. , the square root of the cross sectional area of the multilayered structure. Therefore, the current density for CIP, ductivity tensor. The measured current per unit area, or average current density j(z) = I/A, where j(z) are the elements of the inverse of the average two-point resistivity; this is not the same as the average two-point conductivity. The total current is d r" o p~s(r, r") . p~s p (r", r') = Xsh(r -r') h hpp, (5.2) j (r) = d r' a,"(r, r') K, (r'), where X3 is the unit tensor in three-dimensional space.
The spin-index complexity, as we will see, can be trivially reduced in the so- .7) is independent of the chosen region 'R for both multilayers and granular solids. In Eq. (5.6), we have defined K, (r) = d r'p, (r, r') . j (r'); ( 5.8) thus, the two-point resistivity tensor is the 4 x 4 inverse matrix with respect to spin bi-indices of the two-point conductivity tensor, As a consequence, when all the local mean free paths are much larger than all inhomogeneity length scales (homogeneous limit), the two-point conductivity, Eq. This inversion can be explicitly carried out in both the homogeneous limit (Sec. VB) and in the local limit (Sec. V C), but it is most useful for situations that resemble CPP, which are discussed in Sec. VIA.
On the other hand, the complexity associated with spatial inhomogeneities is also trivially reduced in the homogeneous limit in terms of the average of the scattering; due to symmetries, this complexity is also reduced in the case of multilayers. For granular solids it can be handled only in an approximate way; the main difBculty arises from the lack of symmetry, which leads to complicated distributions for both current densities and internal fields. length. Choosing the particular "privileged" axis that diagonalizes (, path ordering becomes superfiuous, i.e. ,
B. Homogeneous limit
As a first step towards determining the global conductivity for inhomogeneous structures, we consider the homogeneous limit, which is defined as the limit when all mean free paths are much larger than all inhomogeneity length scales.
In the homogeneous limit, for both multilayers and granular solids, the two-point function ((r, r') (6.4) This randomness condition reduces the resistivity matrix to the simple form As a consequence, from the diagonal elements with respect to spin indices [i.e., for (++) and ( --)j, (6.5) and these expressions reduce the global conductance to the same value as for the homogeneous limit.
The above argument suggests that granular solids are magnetically self-averaging, due to randomness in the distribution of granules. However, in the local limit for granular solids, current lines do not necessarily sample all the scattering in the medium with equal weight; the relative weight depends upon the local resistivity differences. This exclusion does not in any way alter the conclusion that the system is magnetically self-averaging. In general, in the local limit, the average scattering includes that from the matrix and interfaces (interfaces are probed regardless of the relative values of the local resistivities) and only a fraction of the scattering in the granules, due to partial penetration of the current lines. The only difference between the two limiting cases is at most the contribution from the granules. Thus, the magnetoresistance does not depend exponentially on the average distance between adjacent granules and it does not vanish in the local limit. It is in this sense that granular solids are magnetically self-averaging.
B. Magnetoresistance
We now turn to a discussion of the magnetoresistance of magnetically self-averaging systems. Based on the hypothesis made in the previous section, the global conductivity for a given magnetic configuration M of the system is the sum of the conductivities of the individual spin channels, served mostly in multilayered structures for the CIP geometry for which the resistivity p depends exponentially on the thickness of the layers relative to the mean free paths [that is, p is not given by Eq. (5.26)], and MR vanishes in the local limit. The fact that this is not a magnetically self-averaging configuration has led to the erroneous impression that the GMR effect intrinsically depends on the dimensions of the magnetic and nonmagnetic components relative to the mean free path.
The actual magnetoresistance ratio B will be smaller because there are spin-difFusion processes inherent in magnetic granular films that reduce the spin accumulation between regions of different magnetization.
As we have shown elsewhere for layered structures, regions of different magnetization that are normal (perpendicular) to the applied electric field produce spin diffusion which reduces the magnetoresistance ratio B. Similarly, for granular films the large differences in resistivities for the zero field and fully aligned magnetic configurations predicted in Eq. (6.4) will be reduced by spin-diffusion processes not taken into account in our hypothesis that the current density and resistivity are uncorrelated. In addition, one can create mixing of currents in the spin channels by spin-Qip processes, for example, by electronmagnon interactions at higher temperatures, in which case our analysis has to be modified, " or in the presence of magnetic domains. Finally, it is conceivable that magnetic granular films grown epitaxially might not be magnetically self-averaging, either due to the shape of the granules or the patterned way in which they could be deposited. Electron transport or conduction in inhomogeneous solids is a venerable topic; until recently the focus was on nonmagnetic media. For this case there is charge accumulation due to local differences in the dielectric constants (band structure) and scattering rates of the conduction electrons; this produces local fields that vary spatially, even in the presence of a uniformly applied external field. In magnetic materials that are locally inhomogeneous there is spin accumulation in addition to the charge accumulation that is attendant on electron transport. This arises from a combination of spin-dependent band structures and spin-dependent scattering rates that vary from one region to another. In normal conduction processes the incoming current is unpolarized with respect to spin; however, due to the spin dependence of the medium, the current develops a spin dependence; i.e. , one is dealing with spin-polarized transport.
VII. DISCUSSION AND SUMMARY
When the polarization takes place outside the medium whose conductivity is being studied, one calls this spin injection, e.g. , the bipolar spin switch that was recently proposed by Johnson. The formalism we have derived is equally applicable to normal and spin-polarized transport in magnetic materials.
Earlier formulations of our theory have been confined to magnetic structures that are collinearly aligned (lo-cally ferromagnetic or antiferromagnetic).
Indeed, in this special case the currents and fields (effective) are diagonal in the spin indices referring to the conduction electrons. In this paper we have developed a theory of electron transport in inhomogeneous magnetic structures that are oriented noncollinearly and/or randomly; as we have shown it is necessary to introduce spinor currents and effective spinor fields (off diagonal in spin space) to describe this conduction.
For current in the plane of the layers (presumed to be homogeneous) the electric field is a constant and, therefore, from the external boundary conditions, which are i.ndependent of spin, the global (measured) conductivity is readily given in terms of the two-point conductivities, Eq. (4.9). In this case, CIP, there is neither spin nor charge accumulation as we have assumed the layers to be homogeneous. We have recently relaxed this assumption and considered the effects of magnetic-domain formation on transport in multilayers. Under the more general con- This rotation can be characterized by the spherical polar angles (0, p) subtended by the "old" axis z with respect to the "new" one z' (see Fig. 2 ). The polar angle 0 is the angle between the axes z and z', and the azimuthal angle p is the one subtended with respect to the x' axis by the projection of z onto the x'-y' plane.
For spinor field operators associated with spin one-half, the corresponding matrix representation of the rotation group is the 2 x 2 unitary matrix Therefore, the generalized current densities j~( r) constitute a spinor of rank 2, once covariant and once contravariant.
In particular, they exhibit the following spi nor-i ndex symmetry: 
It should be noticed that the scattering matrices are Hermitian in spin space; that is, they exhibit the spinor sym- [(g' ) (r, r')]* = (g ) (r', r) .
(A17) The transport content of the Green's function is in the "path-ordered transport exponential, " Eq. 
On the other hand, the generalization of Maxwell electric fields are "internal fields" that, in accordance with Eq (2.13), sh.ould have the same spinor character as the vertex function, which, by inspection of Eqs. (2.10) and (2.11), is a spinor matrix with spinor character identical to that of the scattering matrices, that is, and the contravariant arrangement (A32) E pocI'p.
Thus, the internal fields transform according to E';(r) = (C-') E', (r) where the currents j,(r) become 1 x 4 "row" matrices, the fields E'(r) become 4 x 1 "column" matrices, and the two-point conductivity cr,"(r,r') becomes a 4 x 4 matrix; similarly, we can rewrite Eq. (A29) in the form j. '(r) = d r'a.~, (r, r') E~s(r') .
K'(r) = d r'p'"(r, r') j"(r') . of the resultant equations, and evaluation of the corresponding expectation value yields = A(r(s "))A(r(s,)) i"-)(r(s, )), (D2) where r~= r(s~) and (oi, . . . , This path ordering is the analog (for spatially varying quantities) of the time ordering used in quantum field theory and many-body theory;4 a similar path ordering is actually used (in a four-dimensional space) in the discussion of non-Abelian gauge theories.
The following symmetry property relates the two opposite ways of ordering matrices along a path:
, [&(») [W p(r, r') j = X~( r', r),
and it leads to the corresponding Hermitian symmetry of Eq. (A18). These conclusions follow from the symmetry of the path-ordering operator, Eq. (D4), and from the Hermitian symmetry of the scattering matrices, Eq. (A12).
APPENDIX E: INVERSION OF SPINOR MATRICES IN THE LOCAL LIMIT
The two-point conductivity is, in general, proportional to the product of two Green's functions. The correspondwe can rewrite the Dyson series (DS) in a path-ordered form (3O n X(r, r') = ) P-ds"ik(r(s")) . (D10) I'[r, r'] As the sum "inside" this time-ordered product is the power-series expansion of the exponential function, this Dyson series can be recast into an "exponential form" ing spin-index structure is completely contained in the path-ordered transport exponential Ck Ppfr, r') = (P, exp '--((r, r')E, IEl) 2 p where R =~r -r'~.
In the local limit, as r~r', the path-ordered transport exponential becomes e p(r, r') = (exp -2((r)R ) 
